Abstract. We prove a Hodge-type decomposition for the de-Rham cohomology of p-adically uniformized varieties by the product of Drinfeld's symmetric spaces. It is based on work of Schneider, Stuhler, Iovita and Spiess on the cohomology of Drinfeld's symmetric space.
n dR (X Γ ) of X Γ admits the usual Hodge filtration F for any 0 ≤ p ≤ n + 1. As consequence one gets a Hodge-type decomposition
This Hodge-type decomposition has been conjectured by Schneider [Sch] and proved by Iovita and Spiess [IS] . Other proofs were given later in [AdS] and [Gro] .
In this paper, we will generalize the Hodge-type decomposition: we will consider a variety X which is uniformized by the product of the Drinfeld's symmetric spaces. Interesting examples of such varieties are the unitary Shimura varietes studied by Rapoport and Zink (See [RZ] , Chapter 6).
Our setting is as follows. Let K, K ′ be p-adic fields and K ′′ a p-adic field containing K and K ′ . Let
their valuation ring respectively. Fix integers d, d
′ ≥ 1 and put G = P GL d+1 (K),
Drinfeld's symmetric space. To simplify the notation, we write
The main theorem of this paper is the following:
Theorem 1.1. Let Γ be a discrete torsion-free cocompact subgroup of G×G ′ , the quotient X Γ := Γ\(X K × K ′′ X K ′ ) becomes a smooth rigid variety over K ′′ . For 0 ≤ n ≤ d+ d ′ , there exists a covering spectral sequence for H n dR (X Γ ) and it degenerates at E 2 . Moreover, the assosicated covering filtration F Date: November 6, 2018.
Our strategy is the same as that in [SS] , [Sch] and [IS] . First we compute the de Rham cohomology of X K × K ′′ X K ′ by Kunneth formula and the results of Schneider and Stuhler [SS] . Second we prove the existence of covering spectral sequence for de Rham cohomology of the quotient Γ\X, where X is any separated smooth rigid space over K and Γ is a group of automorphisms acting discontinuously, freely on X. In particular, the existence of covering spectral sequence for de Rham cohomology of quotient space Γ\(X K × K ′′ X K ′ ) is established, where Γ is a discrete torsion-free subgroup of G × G ′ . The E 2 -terms of this covering spectral sequence can be transformed into Ext-groups in the category of smooth G × G ′ -representation and we compute these Ext-groups as same as in [SS] . Then we can also compute the cohomology of quotient space X Γ . Using this result, finally we can prove a Hodge-type decomposition for the de Rham cohomology of Γ\(X K × K ′′ X K ′ ) as same as in [IS] . Although Theorem 1.1 is stated for the product of two Drinfeld's symmetric spaces, our argument also works for the product of more than two Drinfeld's symmetric spaces.
The de Rham cohomology of
In this section we want to compute the de Rham cohomology of
First we recall a result of Schneider and Stuhler, which is crucial for our work. In [SS] , they studied the cohomology of Drinfeld's symmetric space for any cohomology theory satisfying certain natural axioms. Examples are de Rham cohomology and ℓ-adic (ℓ = p) cohomology. We need some more notations. For any subset I ⊂ ∆ := {1, 2, · · · , d} let P I ⊂ G = P GL d+1 (K) be that parabolic subgroup which stabilizes the flag
Ke i in K d+1 where {i 0 < i 1 < · · · < i r } = ∆\I and e 1 , · · · , e d+1 is the standard basis. Furthermore if A is any abelian group let C ∞ (G/P I , A) be the group of all A-valued locally constant functions on the space G/P I . We put
which is an irreducible smooth representation of G (see [SS] ). For 0 ≤ s ≤ d we use the simpler natation
Lemma 2.1. ( [SS] , Theorem 1 and Lemma 1 in Section 4) For
and for
Proposition 2.2. The Kunneth formula holds for the de Rham cohomology of the product of Drinfeld's symmetric spaces
Proof. Recall that X K (resp. X K ′ ) is Stein-space ( [SS] , Proposition 4 in Section 1) and Theorem B ( [Ki] ) says that Stein spaces have trivial coherent sheaf cohomology, so its de Rham cohomology is the cohomology of the complex of global rigid analytic froms Ω 
then by the Kunneth formula for complexes ( [Wel] , Theorem 3.6.3) we get the first assertion. The second assertion follows from the Lemma 2.1.
Proof. It follows from Proposition 2.2 and Lemma 2.1.
3. The quotient varieties Γ\(X K × K ′′ X K ′ ) and Covering Spectral Sequence Let X be a separated smooth rigid space over K and Γ be a group of automorphisms acting discontinuously, freely on X. We will prove the existence of covering spectral sequence for de Rham cohomology of quotient Γ\X. Recall that the existence of covering spectral sequence for H * dR (Γ\X K ) was established in ( [SS] , Proposition 2 in Section 5), where Γ is a discrete torsion-free cocompact subgroup of G. In loc. cit, they only considered a speccial case, but their argument is valued for our general case.
We recall that the action of a group Γ on a rigid space X over K is said to discontinuous if X has an admissible affinoid covering {X i } such that the set {γ ∈ Γ ; γX i ∩ X i = ∅} is finite for each i. Furthermore, the above action is said to be free if Γ x = {1} for all x ∈ X. Definition 3.1. ( [FM] , Section 6.4) Let a group Γ act on a rigid space X over K. The quotient p : X → Γ\X is defined by the following:
(1) Γ\X is a rigid space and p is a Γ-invariant morphism of rigid spaces, i.e. p • γ = p for all γ ∈ Γ.
(2) Let U ⊂ X be an admissible, Γ-invariant set, and let f : U → Y be a morphism which is Γ-invariant, i.e. f • γ = f for all γ ∈ Γ. Then p(U ) ⊂ Γ\X is adimissible and the morphism factors uniquely over p(U ),
Lemma 3.2. ( [BGR] , Proposition 3 in Section 6.3.3) If G is a finite group of automorphisms of the K-affinoid algebra A, then A G is also a K-affinoid algebra and A is finite over A G . Furthermore, assume that the action of G is free, then the canonical morphism p :
Theorem 3.3. Let X be a separated rigid space over K. Let Γ acts discontinuously and freely on X. Then
(1) The quotient X Γ exists and it is seperated.
(2) The canonical projective morphism p : X → X Γ is anétale covering. In particular, if X is a smooth rigid space, so does X Γ . (3) Moreover, we have a canonical isomorphism
Proof. We briefly sketch the construction of the quotient. First of all X Γ is the set theoretical quotient and
A collection of admissible sets {U i }, with union the adimissible U , is an admissible covering if {p
Obviously, p : X → X Γ then is a morphism of ringed spaces over K. Since Γ acts discontinuously on X, there exists an admissible affinoid covering {X i } i∈I such that for every i ∈ I, {γ ∈ Γ | γX i ∩ X i = ∅} is a finite set. It follows from the assumptions that {X i } i∈I satisfies the following two conditions:
• For any i, j ∈ I, X j ∩ γ(X i ) = ∅ for all but finitely many γ ∈ Γ.
is admissible open subset. Moreover, we see that p induces an isomorphism of G-ringed space
Then by Lemma 3.2 we see that {Y i } i∈I form an admissible covering of X Γ by affinoid varities over K; the intersection Y i ∩ Y j are affinoid. Therefore X Γ is a separated analytic variety over K and the canonical projective morphism p : X → X Γ is anétale covering by Lemma 3.2 again. Thus we get the first and second assertion. The proof of the last assertion is the same as [SS] Theorem 2 in Section 5. (compare [Mum] Proposition 2 on p.70 ).
Let V be the category of smooth separated rigid analytic varieties over K equipped with a fixed Grothendieck topololgy which we assume to be finer than the analytic topology. (See [SS] ) Lemma 3.4. Let X be a separated smooth rigid space and group Γ acts discontinuously, freely on X, then
(2) For any injective sheaf F on V the Γ-module F (X) is injective.
Proof. The proof is the same as in [SS] , Lemma 1 in Section 5.
Proposition 3.5. Let X be a separated smooth rigid space and group Γ acts discontinuously, freely on X, then we have the covering spectral sequence
Proof. It follows from the above lemmas and Grothendieck spectral sequence. (See [SS] , Proposition 2 in Section 5)
In particular, we have the following corollary.
Corollary 3.6. Let Γ be a discrete torsion-free subgroup of G × G ′ . Then the quotient
becomes a smooth rigid variety over K ′′ and there exists a covering spectral sequence for
Proof. Let Γ be a torsion free and discrete subgroup in G × G ′ , then the action of Γ on X K × K ′′ X K ′ is discontinuous and free. Now the assertion follow from Theorem 3.3 and Proposition 3.5. Let us compute the E 2 -terms in our covering spectral sequence (1). First by corolary 2.3 we get
In order to compute (2) we need some important theorems of Schneider and Stuhler. ([SS] , Section 6). Let BT (resp. BT ′ ) be the Bruhat-Tits building of the group G (resp. (1) The G-module V I (A) has a projective resolution P • of finitely generated A[G]-modules
(2) Furthermore, if Γ ⊂ G = P GL d+1 (K) is a cocompact discrete subgroup. Then the above resolution of V I (A) is a projective resolution of finitely generated free A[Γ]-modules.
The folloiwng propositon is the key fact to compute those Ext-groups at the E 2 -terms in covering spectral sequence. (Compare [SS] , Proposition 4 in Section 5)
′ } and A be any commutative ring.
(
has a projetive resolution by finitely generated free A[Γ]-modules. (2) We have
There is a natural exact sequence
Proof. By the Lemma 3.7, the G-module V I (A) (resp. G ′ -module V ′ (J)(A)) has a projective resolution of
complexes ( [Wel] , Theorem 3.6.3) we see that Hom A (P
is also a free A-module.
Since V I (A) and V ′ J (A) is a free A-module, the A-modules V I (A) Uσ and V ′ J (A) U σ ′ are finitely generated and free. It follows that both P
• 1 and P
• 2 are finitely generated free A-modules. Then we have ( [Sp] , Corrollary 7 in Section 5, Chapter 5)
then Γ acts freely on BT × BT ′ so that P For the third assertion, let P
) be a projective resolution by finitely generated
is a projective resolution by finitely generated free Z[Γ]-modules. Then P
The third assertion follows from the universal coefficient theorem applied to the complex
Lemma 3.9. ( [IS] ,Lemma 5.1 and Lemma 5.2) Let R be a commutative ring and Γ be any group. Let V, M be R[Γ]-modules, and assume that V is free as an R-module. Then
2) Moreover assume that V has a resolution F
• → V where for every n ≥ 0, F n is a finitely generated free
Going back to the E 2 -terms (2) of our covering spectral sequence . Because of Proposition 3.8 and Lemma 3.9 we can rewrite it in the form
We want to study the groups Ext
Because of the Proposition 3.8 this amounts to the computation of
is admissible. By Shapiro's lemma we have
The representation Ind Γ is a unitary representations, and decomposes into the direct sum of irreducible smooth unitary representations of G × G ′ with finite multiplicities (see [SS] , Section 5). 
where
Theorem 3.11. Let Γ be a discrete torsion-free cocompact subgroup of G × G ′ . Let m 1,0 (resp. m 0,1 , resp. m 1,1 ) be the multiplicity of the representation
Proof. The proof is the same as [SS] , Theorem 3 in Section 5. Assume that V I (C) ⊗ V ′ J (C) appears in Ind Γ , then it is unitary and thus V I (C) and V ′ J (C) are unitary. Hence we conclude that I(resp. J) is either ∅ or {1, · · · , d} (resp. {1, · · · , d
′ }). Note that the multiplicity of the trivial representation C ⊗ C in Ind Γ equals 1. As in the proof in ( [SS] , Theorem 3), by Proposition 3.10 we have
′ are all even numbers we see that in our spectral sequence nonvanishing E 2 -terms only occur on the lines r = s, r
Altogether we obtain the assertion. 
Proof. In the proof of Theorem 3.11 we have seen that in our spectral sequence nonvanishing E 2 -terms only occur on the lines r = s, r + s = d+ d ′ and those pairs (r, s) satisfying r + s ∈ 2Z, r + s
Then all differentials in the spectral sequence must be zero. Thus our covering spectral seuqence degenerates at E 2 .
Corollary 3.13. If the above covering spectral sequence degenerates at E 2 , then we have
for any 0 ≤ i ≤ n + 1.
We will prove our covering spectral sequence always degenerates at E 2 even if d, d
′ are not even in next section.
4. Hodge-type decomposition for H n dR (X Γ )
Let Γ be a discrete torsion-free cocompact subgroup of G×G ′ , we have seen that the quotient 
By ( [Mu] , Appendix), the analytic variety X Γ is algebraizable to a projective variety over K ′′ . The GAGAprinciple then implies the de Rham cohomology of X Γ are equal to the corresponding algebraic cohomology groups. Since K has characteristic 0 we see that the Hodge de Rham spectral sequence for X Γ degenerates. One says that the filtrations F
• dR and F
• Γ are opposite if for every 0 ≤ p ≤ n + 1,
If the two filtrations are opposite, then we have a Hodge-type decomposition for Proof. It suffices to show the third assertion. Since
We want to prove that the covering filtration F
• Γ is opposite to the Hodge filtration F
• dR on H n dR (X Γ ). First we recall the results of Iovita and Spiess [IS] . We denote the space of bounded logarithmic differential pforms on X K by Ω p log,b (X K ) and such forms are closed forms. The main theorem in [IS] states that the composition map Ω
is injective and its image corresponds to the inclusion
The following proposition is the key ingredient in our proof for Hodge-type decomposition (compare Proposition 5.3 in [IS] ). 
induce an isomorphism on cohomology groups
Proof. By Proposition 3.8 and Lemma 3.9 we have
are isomorphisms. By Lemma 4.1 our covering spectral sequence for H n dR (X Γ ) degenerates at E 2 and we have H Now the assection follows from (6), (7), (8) and Lemma 4.1.
